Diffusionless Lorenz equations (DLE) are a simple one-parameter version of the wellknown Lorenz model, which was obtained in the limit of high Rayleigh and Prandtl numbers, physically corresponding to diffusionless convection. A simple control method is presented to control chaos by using periodic parameter perturbation in DLE. By using the generalized Melnikov method, the parameter conditions could be obtained to guide the controlled DLE to a low-periodic motion. Moreover, the existence conditions of periodic orbits and homoclinic orbits in the system are given. Some results of the numerical simulation are also explained clearly by a rigorous analysis.
Introduction
The Lorenz equations [1] model the evolution of coefficients of a severely truncated Fourier series, rudimentarily describing the temperature and stream function of a fluid between parallel plates, and therefore lack a direct physical interpretation and attract attention from a mathematical perspective. However, through a translation and reorientation of the Lorenz system [2] , z → −z + B/µ, y → −y, where the Lorenz parameters σ , r, b equal σ , B/µ, µ, respectively, the equations also represent an energetically closed description of convection in a box in terms of the position of center-of-mass (y, z) and the box-averaged angular momentum x. These equations are [3]    σ −1ẋ
= −x − y, y = −xz − y, z = xy − µz + B, (1.1) where positive forcing B means a uniform cooling at the top of the box or a uniform heating at its base. The Prandtl number σ represents the ratio between viscosity and diffusivity, while µ is the ratio of vertical to horizontal diffusion timescales.
The linear terms in the first equation of (1.1) represent viscous damping and buoyancy torque, respectively. The nonlinear terms and linear terms in the second and third equations of (1.1) represent advection and diffusion, respectively. Obviously, the equilibria of (1.1) are: (x, y, z) = (0, 0, B/µ), (x, y, z) = (± B − µ, ∓ B − µ, 1), which are called diffusive and convective equilibria, respectively. When there is a balance between forcing and viscosity, the diffusive equilibrium ceases to exist. Rescaling (1.1), (x, y, z) → σ (x, y, z), t → t/σ , and considering the distinguished limit σ , B → ∞, while R ≡ B/σ 2 remains finite, we get the corresponding model ẋ = −x − y, y = −xz, z = xy + R, (1.2) where R ≡ br/σ 2 , which are called diffusionless Lorenz equations (DLE) without its physical meaning and chaotic behavior. It was attained in the limit of high Rayleigh and Prandtl numbers, corresponding to diffusionless convection physically. The existence of periodic solutions and homoclinic orbits has been researched extensively by Melnikov method developed by Wiggins and Holmes [4, 5] and has been proved in some systems [6] [7] [8] . The one-parameter DLE display rich dynamical behaviors and have been extensively investigated [2] . Meanwhile the system is suitable for chaotic control and still needs to be studied further.
Due to critical dependence on initial conditions, chaotic motion is unpredictable. The control of chaos is an attractive field and much progress has been made, such as the development of the feedback linearization method [9] , sliding mode control method [10] , adaptive control method [11] , stable-manifold method [12] , and backstepping with variable structure control method [13] . The purpose of controlling chaos includes two aspects. One is to avoid chaos when it is harmful and unwanted, and the other is to generate chaotic behavior when it is beneficial and the desired dynamical state. It is wellknown that there is the normalized temperature difference r = T / T c = Ra/Ra c between the hotter lower plate and the colder upper one. T c is the temperature difference at the onset of convection. R a = gα p L 3 T /νκ, the Rayleigh number, is the dimensionless temperature difference. g denotes the gravitational acceleration, α p the isobaric thermal expansion coefficient, L the distance between the plates in the upward direction, and ν, κ characterize the kinematic viscosity and thermal diffusivity, respectively. After truncation of the fluid equations and renormalization of several of the fluid quantities, the parameter R in DLE is proportional to the temperature difference. In order to drive a chaotic motion to a periodic orbit in the continuous system, many researchers proposed some effective control methods [14] [15] [16] . Meanwhile, we will keep on completing the work of Mirus and Sprott [17] . Therefore, in the spirit of perturbing a physically accessible system parameter, the parameter R was perturbed to be R(1 + R 1 sin(ωt)) [8] .
In this paper, we will attempt to suppress chaos using parametric perturbation in the DLE. The method is more simple and easy to be realized than feedback control and does not determine the system stable variables which are required for control. We obtain numerically the results, which show that the chaotic solution turns into a periodic solution (see Fig. 1 ). The procedure of the paper is arranged as follow. First, we reduce the controlled DLE into a generalized Hamilton system with perturbation and get the approximate expressions of unstable periodic orbits (UPO's). Second, by using Melnikov method, we estimate the suppressive conditions to control the chaos. In the end, we will obtain the conditions of parameters which can let the trajectory of system enter into low-periodic motion according to subharmonic Melnikov function, and explain the phenomenon of numerical simulations in [17] .
Reducing to a three-dimensional slowly varying system
The DLE with periodic parametric perturbation in the form
We first introduce the following scale:
Then (2.3) has the form (omitting tilde)
where ε = γ R and γ > 0. Noticing that system (2.5) ε=0 can be seen as a three-dimensional Hamilton system created by Lie algebra [18] and Casimir function
(2.7)
In order to apply the generalized Melnikov method [4, 5] , we transform system (2.5) according to
where constant B > 0 and |ρ/B| 1, and obtain
Obviously, system (2.9) ε represents perturbed pendulum equations with varying ρ. The relationship between the perturbed DLE and the pendulum equations is established.
Melnikov method analysis of the perturbed DLE
System (2.9) ε=0 is a one-parameter family of planar Hamiltonian systems with Hamiltonian function H(ϕ, x) given by
It is easy to obtain that, when −(B + ρ) ≤ A ≤ (B + ρ), (2.9) ε=0 has the oscillating periodic orbits {Γ k 0 },
B + ρ, and sn(u, k), sn(u, k) and dn(u, k) are Jacobian elliptic functions with the modulus k. When B+ρ = A, there are two homoclinic orbits {Γ h ± } of (2.9) ε=0 connecting the saddle point (ρ, π , 0), whose parametric expressions:
And when B + ρ < A < ∞, (2.9) ε=0 has rotating orbits {Γ
where
Here K (k) and E(k) denote the complete elliptic integrals of the first and second kind, respectively. Eqs. (3.11) and (3.13) may be considered as the approximate expressions of UPO's. We now introduce the Melnikov method for slowly varying oscillators developed by Wiggins and Holmes [4, 5] . Considering these systems in the form of = R/T is the circle of length T by defining the function φ = t, mod T , and rewrite (3.14) as an autonomous differential equation:
Now we make the following assumptions on the unperturbed system (3.14) ε=0 . Assumption H1. (3.14) ε=0 is a one-parameter family of planar Hamiltonian systems with Hamiltonian function H(x, y, z), 
In order to show the existence of periodic orbits and homoclinic orbits, We introduce the following two-component vector-valued subharmonic Melnikov function for existence of periodic orbits
where T (α, z) = mT /n. Meanwhile, for the existence of homoclinic orbits, we have the Melnikov method function as follows
We use the Hamiltonian structure of the unperturbed system to transform system (3.14) to action-angle variables [19] :
Under the transformation, (3.15) becomes
is the angular frequency of the closed orbit in the unperturbed system on the z = constant plane with action I and energy H(I, z).
Then from the results in [6] , we have the following theorems: 
, there exists an isolated periodic orbit of (3.14) ε near the orbit q α 0 (t). If n = 1, the result is uniformly valid for 0 < ε ≤ ε(1). 
Homoclinic orbits analysis
Now, we use periodic parameter perturbations to control the transversal intersection of homoclinic orbits here. The Melnikov function is given out as follows:
Especially, when R 1 = 0 or 
B+ρ
= 2, the condition of transversal intersection of two homoclinic orbits is
The chaotic behavior will be suppressed and the trajectory will be guided to periodic orbits if (3.19) is violated. When B + ρ departs from 1 3 , the reciprocal of N 3 will be changed greatly and (3.19) will be broken easily.
Periodic orbits analysis
In the following, we investigate the reason that the chaotic motion is guided to low-periodic orbits by periodic parameter perturbation control. By the classical method of calculating of the action-angle variables, we find the action variable of system:
for the periodic orbits (3.11), I =
for the periodic orbits (3.13), I =
The corresponding Melnikov functions are derived as follow:
where p denotes the type of periodic orbits. For oscillating type periodic orbits {Γ k 0 }, p will be 0; for rotating type periodic orbits {Γ k 1 r ± }, p will be r. Due to the limitation on pages, here we only discuss the oscillating periodic orbits (3.11). For the oscillating periodic {Γ
T . In transforming from the initial starting time t 0 ∈ [0, 2π m/n], which appears in (3.11), to the phase θ 0 we use the relationship t 0 = 2π m/n. With (3.11) and p = 0, the corresponding Melnikov functions can be derived as follow:
When n = 1, we can obtain
Obviously, the term m 2 = j is important to the above integral. In order to facilitate the following writing, we let ν =
Thus, when m = 2, j = 1, we can obtain
When m = 4, j = 1, we can obtain
Then, from above analysis, if M 0 1 = 0, the following inequality must hold:
It is similar to have
where only item 
and
If M 0 3 = 0, the following inequality must hold:
From the conclusions (3.23) and (3.24), we obtain the conditions of oscillating periodic orbits. Since the frequency of the unperturbed orbits is
we have
Applying Theorem 3.1, we have We next apply the perturbation theory, computing the Melnikov functions for m = 2, n = 1. Denoting 
Using the above results, we can show that, when We have reduced the diffusionless Lorenz equations with periodic parametric perturbation into a three-dimensional Hamiltonian perturbed system. By using a global perturbation theory for slowly varying oscillators developed by Wiggins and Holmes, we have obtained rigorously the existence of periodic orbits of two types and homoclinic orbits in a phase cylinder. We have given explicit parametric conditions and concrete location of these orbits.
Conclusions and comments
In this paper, the existence of homoclinic orbits and periodic orbits that are derived from controlled DLE has been rigorously proved by using the generalized Melnikov method developed by Wiggins and Holmes. We have given the parametric conditions which could convert chaos into periodic orbits or homoclinic orbits. Note that DLE are a simplified one-parameter version of the well-known Lorenz model. Although this paper deals with the parameter control of DLE, we believe that the unknown dynamical behaviors of DLE and chaotic synchronization deserve further investigation in the near future.
